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and History.

History of Maths is the study of “the development of mathematical ideas: (...) the
interplay between them, and the ways in which they were understood and applied
by the people who explored them.” (Bl3sj6, 2014)

Teaching approaches: (Jankvist, 2009)
@ History as a cognitive and affective tool
@ History as a goal

Recapitulation argument: a learner repeats the development of Maths

“Children should repeat the learning process of mankind, (sic) not as it factually took place but rather as it would have done if
people in the past had known a bit more of what we know now" (Freudenthal, 2002)

o early 1900s: Poincaré, Klein, and Severi
@ experimental support, Bagni (2000,2005)

Mathematical Transgressions: cognitive boundaries and transgressive actions
(Semadeni, 2015; Watford & Clark, 2024)

Criticisms: abundant, including the lack of empirical evidence and teachers’ preparation
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Content, Context, and Approach

o
1
Lesson topic: the Basel Problem, i.e. computing Z —
n
n=1
Context:
@ Year 12 Further Maths class
o King's Maths School, a selective state-funded Sixth-form

@ Students familiar with:

» Finite and infinite geometric series
» Worksheet-based teaching
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My teaching approach

Lesson preparation:

@ Review of historical literature: focus on accessible maths
@ Selection of questions, chronologically ordered
@ Slides for historical context, without answer to the title problem

@ Asking fellow trainees to work through draft: Linjia Chen’s feedback
particularly helpful

Lesson delivery:

@ 10 minutes lecturing with slides

@ 50 minutes for independent/pair work on worksheet: pacing given by
frequent modelling
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The Basel Problem:

o0
1
The quest to compute E —
n

n=1

Mr Leonessi

Inspired by a conversation with Jason Yip
at the Annual Meeting of the British Society for the History of Mathematics

King's College London Maths School, March 2026
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https://www.linkedin.com/in/jason-yip-maths/
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what is the value of Y7, -, -7

1689: Johann Bernoulli (1667-1748), in Basel, shows that 3 - ﬁ =1.
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“more difficult than one would expect.”
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~1360: Nicole Oresme (1325-1382), in Paris, proves that }, -, 1= .

1650: Pietro Mengoli (1626-1686), in Bologna, poses the Basel Problem:
what is the value of Y7, -, -7

1689: Johann Bernoulli (1667-1748), in Basel, shows that > =1.

He also shows that ) - # < 2 and observes that the Basel Problem is
“more difficult than one would expect.”

1
n>1 n24n

1728: Christian Goldbach (1690-1764), in St Petersburg, probably proves
that 2,51 72 < 5/3.

In the meanwhile, the Basel Problem is discussed by:

John Wallis (1616-1703)

Gottfried Wilhelm Leibniz (1646-1716)
Jacob Bernoulli (1654-1705)

James Stirling (1692-1770)
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The Basel Problem: a timeline (continued)

1650: P. Mengoli poses the Basel Problem: what is the value of 3 -, 57

Leonhard Euler (1707-1783), in St Petersburg
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1650: P. Mengoli poses the Basel Problem: what is the value of 3 -, 57

Leonhard Euler (1707-1783), in St Petersburg
1731: computes >, -, n% to 3 decimal digits.
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1650: P. Mengoli poses the Basel Problem: what is the value of 3 -, 57

Leonhard Euler (1707-1783), in St Petersburg
1731: computes Y, -, 5 to 3 decimal digits.

1733: computes ZnZl n% to 20 decimal digits.

1734: computes >, -, n% to “infinitely many” decimal digits. First proof
of the Basel Problem.
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The Basel Problem: a timeline (continued)

1650: P. Mengoli poses the Basel Problem: what is the value of 3 -, #?

Leonhard Euler (1707-1783), in St Petersburg
1731: computes Y, -, 5 to 3 decimal digits.

1733: computes ZnZl n% to 20 decimal digits.

1734: computes >, -, n% to “infinitely many” decimal digits. First proof
of the Basel Problem.

1748: Second proof, with more details.

1997 McKinzie & Tuckey complete Euler’s proof, without modern tools, in
Hidden Lemmas in Euler's Summation of the Reciprocals of the Squares.

The Basel Problem KCLMS



Basel Problem: the modern quest for the “simplest proof”

The Basel Problem



Basel Problem: the modern quest for the “simplest proof”

Trigenamatric single integrals or identities: (Yaglem and Yaglom 1953
[L01]). (Matsucka 1961 [64]], {Stark 1960 (92}, (Molme 1970 [45]). {Stark
1970 [93]). (Skau and Selmer 1971 [B3]), [Giesy 1972 [36]), [Papadimitrion
1573 {73}, (Stark 1976 [35]), {Stark 1579 [56]), (Ransford 1582 [77)), (Rus-
sell 1951 [82]), (Kortram 1596 [56]). (Hofbauer 2002 [44]), {Woodhouse 2007
|100)), | Pazsare 2008 [74]}, (Levrie 2011 [59]), { Benka 2012 [7]}, | Daners 2012
[24]), (Muzaffar 2013 [65]), {Brink 2014 [13]), (Glebov 2005c [39]}, (Lord 2016
601}, (Morenc 2016 [B6]), (Velleman 2016 [98]). (Pak and Kornilowicz 2017
(721}, {Sikls 2018 [67]). (Ribeira 2019 [75]). and (Del Vigna 2003 [25]).

Maclaurin /powes falementary series: (Koopp and Schur 1018 [54]) [Chos
1087 [21]), [Kienkle L1087 [52]}, {Shea 1588/0 [85]). (Dumant 1992 [26]). (Kalman
and McKinzie 2012 [51]), (Ronke and Molokach 2013 [8]), (Patyi 2013 [75]).
[Krause 2014 [57]). {Vermeeren 2018 (9]}, (Silagadze 2019 [B]). {Kamarnik
2022 [55]). (Camphell 2024a [15]), { Camphell 2024k |16}, [Campbell and Levrie
2024k [18]]. [Abrew 20253 [1]}, and {Abrey 2035k [2]).

Double integrals: (Gokdscheider 1313 [40]). (Apostol 1883 [4]]. (Lord 2002
[61]}, (Harper 2003 [£1]). (bvan 2008 [47]). {Jameson 2013 [49]). {flameson
and Lord 2013 [50]), (Ritelli 2013 [80]). (Glebov 2015a [37]). (Shiu 2016 [86]).
[Mewse 2007 [700). (Pause 2018 [74]), {Murty 2019 [68]). and [Maskov 2022
162]).

Hypergeomatric series: |Choi and Rathie 1097 [23]). (Chai, Rathie and Srivas-
tava 1999 [23]), {Campbed 2022 [14]), (Rathie and Lim 2025 |78]), and (Levrie
2026 [5H]).

Probability: {Fujita 2008 [35]). (Pace 2011 [71]). [Holst 2003 [46]), and {Aste
2024 [5]).

Complax analysis: (Marshall 2010 [63)). (Glebev 20156 [38]). and | Jain 2034
149}

Tapology: (Resenberg 1984 [81]).
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Basel Problem: the modern quest for the “simplest proof”

Trigenamatric single integrals or identities: (Yaglem and Yaglom 1053
[101]), (Matsuoka 1961 [64]), [Stark 1969 [92)), (Holme 1970 [46]) (Stark
1970 [93]). (Shau and Selmer 1971 [B9]), [Giesy 1972 [36]), (Papadimitrios
1973 (73]}, (Seark 1978 [95]), (Stark 1079 [96]), (Ransford 1562 |77]), (Rus-
sell 1981 [82]), (Kortram 1996 [56]). (Hafbauer 2002 [44]), {Woodhouse 2007
[100]), { Passars 2008 [74]}, (Levrie 2001 [59]), { Benka 2012 [7]), (Daners 2002
[24]}, (Muzaffar 2013 [65]), {Brink 2014 [13]), (Glebow 2015c [36]), (Lord 2016
(801}, (Merenc 2016 [64]), (Velleman 2016 [88]), (Pak amd Kornilowice 2017
[721). (Sikdos 2018 [67]). (Ribera 2015 [75]). and (Del Vigna 2023 [25]).

Maclaurin /powes falementary series: (Koopp and Schur 1018 [54]) [Chos
1987 [21]), [Kimble 1987 [52]), {Shea 1985/ [85]). [Dumant 1992 [26]). (Kalman
and McKinzie 2012 [51]), (Ronke and Molokach 2013 [8]), (Patyi 2013 [75]).
{Krause 2014 [57]). {Vermeeren 2018 (0]}, (Silagadze 2019 [BE]), {Kemarnik
2022 [55]). (Camphell 2024a [15]), { Camphell 2024k |16}, [Campbell and Levrie
2024k [18]]. [Abrew 20253 [1]}, and {Abrey 2035k [2]).

Double integrals: (Gokscheider 1913 [40)). [Apostal 1983 [4]). (Lord 2002
[61]}, (Harper 2003 [£1]). (bvan 2008 [47]). {Jameson 2013 [49]). {flameson
and Lesd 2013 [50§). [Ritelli 2013 [80]), [Glebev 20154 [37]). [Shiu 2016 [66]).
[Movec 2017 [76]). [Pause 2008 [P6]), (Murty 2019 [65]), and [Makov 2022
62

Hypergeomatric series: |Choi and Rathie 1097 [23]). (Chai, Rathie and Srivas-
tava 1999 [23]), {Campbed 2022 [14]), (Rathie and Lim 2025 |78]), and (Levrie
2026 [5H]).

Probability: {Fujita 2008 [35]). (Pace 2011 [71]). [Holst 2003 [46]), and {Aste
2024 [5])

Complax analysis: [Marshall 2000 [63]), [Glebov 2005k [38]), and { Jain 2034
142}

Tapology: (Resenberg 1984 [81]).

Mr Judge's favourite proof of the Basel Problem is geometric, by Johan
Woaistlund in 2010. 3BluelBrown made a video: link in the worksheet.
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Question 0. (Nicole Oresme, ~1360)

Q uestlon 0 Consider the following infinite sum of ever smaller terms:

2“’:1_1+1+1+1+1+1+1+1+
~n 1 2 3 4 5 6 7 8
This is called harmonic series, due to its links to music theory.
Surprisingly, the result is bigger than any finitc number, meaning that the value
of this sum is infinite; we say that this infinite sum diverges.
How can you make that clear? Prove it carefully!
Hint in footnotcm
Hint for Q0. Add some brackets: can you group terms to make sure you are always adding at
least 1/27 How many terms do you need to put in each pair of brackets? Be careful!
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1, LY 1{5 —\ i
' 1 T L1 Lo —
Z +(3 g Y P .
L ——
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. Question 0. (Nicole Oresme, ~1360)
Q uestlon O Consider the following infinite sum of ever smaller terms:

i":1_1+1+1+1+1+1+1+1+
“n 172734757678

This is called harmonic series, due to its links to music theory.

Surprisingly, the result is bigger than any finitc number, meaning that the value
of this sum is infinite; we say that this infinite sum diverges.

How can you make that clear? Prove it carefully!

Hint in foatnoteﬂ

THint for Q0. Add some brackets: can you group terms to make sure you are always adding at

least 1/27 How many terms do you need to put in each pair of brackets? Be careful!

Question 0. (Nicole Oresme, ~1360)
Consider the following infinite sum of ever smaller\Cerms:

a1y WS A6 5%

1’ 11T 1 'TZ +—(->
Z :()'f *'( )*{_ ~+7+8)+ : [Z”H "
— — 72

t ¢
This is called harmomc serzes, due to its links to music theory. P T

[y
[
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Question 0. (Nicole Oresme, ~1360)

Q uestlon O Consider the following infinite sum of ever smaller terms:

=1 1 1 1 1 1 1 1.1
2 Sitatstatgtetatst
This is called harmonic series, due to its links to music theory.
Surprisingly, the result is bigger than any finite number, meaning that the value
of this sum is infinite; we say that this infinite sum diverges.
How can you make that clear? Prove it carefully!
Hint in foatnoteﬂ

THint for Q0. Add some brackets: can you group terms to make sure you are always adding at
least 1/27 How many terms do you need to put in each pair of brackets? Be careful!

Question 0. (Nicole Oresme, ~1360)

[y

Consider the following infinite sum of ever smaller terms: '
"« M8 6 5% ==
" n 2 ( l
S b esh (70 =
6 7 8 T+ )
’ iz | t
This is called harmomc serzes, due to its links to music theory. A e
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Observations 0.5 & 1

Observation 0.5. In 1689 Johann Bernoulli proves that Y oo =1. We

n=1 n2 +n
are so close to the goal, but still so far. Find a modern proof of this as extension

at the end of this sheet.
Observation 1. Notice that it is not yet clear whether 2@1 # goes off to
infinity like Y7, o, 1.

Bernoulli shows that 3,5, 7 < 2 already in 1689. Goldbach refines that
argument in 1728 to obtain 3., 4 < 5/3.

Proof. See extension at the end of this sheet. O

Teaching the Basel Problem BSRLM



Observations 0.5 & 1

Observation 0.5. In 1689 Johann Bernoulli proves that > oo, ﬁ =1. We

are so close to the goal, but still so far. Find a modern proof of this as extension
at the end of this sheet.

Observation 1. Notice that it is not yet clear whether 2@1 % goes off to
infinity like Y7, o, 1.

Bernoulli shows that >, ., L < 2 already in 1689. Goldbach refines that
argument in 1728 to obtain 3., 4 < 5/3.

Proof. See extension at the end of this sheet. O
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Question 1.5

Question 1.5. Following Observation 1, it now makes sense to ask what’s the
value of Y- -, 2. Euler took more than 3 years to approximate it ingeniously, but
we can use some computer’s brute force.

Compute the sum up to the first 5000 terms; you can scan
the QR code here to use WolframAlpha.
This is still less accurate than what Euler computed in 1733!

Use this approximation to estimate /6> ”% R

Thus, make a conjecture: y_ n% =

@©: O]
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we can use some computer’s brute force
Compute the sum up to the first 5000 terms; you can scan

the QR code here to use WolframAlpha.
This is still less accurate than what Euler computed in 1733!

Use this approximation to estimate /6 Z">1 iz
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Question 1.5

Question 1.5. Following Observation 1, it now makes sense to ask what’s the
value of >° - n% Euler took more than 3 years to approximate it ingeniously, but
we can use some computer’s brute force.

Compute the sum up to the first 5000 terms; you can scan ®
the QR code here to use WolframAlpha.
This is still less accurate than what Euler computed in 1733!

Use this approximation to estimate /63", -, =5 ~T0
3
-[T .

Thus, make a conjecture: Y, & = 1

é
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Fact 2 & Question 2.5

We now need the tools given by the following two results.
Fact 2. (Factor Theorem: 1600s) If p is a polynomial and p(r) = 0, then (2 —r)
is a factor of p(z).

Proof. See extension at the end of this sheet. O

Question 2.5. (Useful Consequence) Using Fact 2, prove that if p is a polyno-
mial and for some r # 0 we have p(r) = 0, then (1 —x/r) is a factor of p(x).

Hint in foamatem

2Hint for Q2.5: What about dividing and multiplying by —r?
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‘We now need the tools given by the following two results.
Fact 2. (Factor Theorem: 1600s) If p is a polynomial and p(r) = 0, then (2 —r)

is a factor of p(z).

Proof. See extension at the end of this sheet. O

Question 2.5. (Useful Consequence) Using Fact 2, prove that if p is a polyno-
mial and for some r # 0 we have p(r) = 0, then (1 — 2/r) is a factor of p(x).
Hint in foomotem

2Hint for Q2.5: What about dividing and multiplying by —r?
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Observation 3 & Question 4

Observation 3. Fuler knew the formula for sine found by Is
1660s:

 Newton in the

5T
He took this formula as a starting point.

Question 4. List the seven roots of sina between —3m and

3w in the left column of the table on the right. roots of  factors of

. ) sine sinw
Now. let’s treat sinx like a polynomial.

For cach root you put in the table, write in the second column
what is the corresponding “factor” of sina given by the Useful
Consequence (Question 2.5) above.

For one root you cannot use the Useful Consequence to

obtain the corresponding factor: use the Factor Theorem (Fact
2) instead.
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Observation 3 & Question 4

Observation 3. uler knew the formula for sine found by
1660s:

- Newton in the

roots of | factors of
sin sin
Question 4. List the seven roots of sina between —3m and

%
3 in the left columm of the table on the right. ~2T0 |+ ;ﬂ)

X
2 |(1+ %)
For cach root you put in the table, write in the second column

X
what is the corresponding “factor” of sin given by the Useful — — 1T (:( + T )
Consequence (Question 2.5) above. E— .

Now. let’s treat sinx like a polynomial.

For one root you canmot use the Useful Consequence to = X
obtain the corresponding factor: use the Factor Theorem (Fact "
2) instead. w (’f— TT)
X
e | (-5
x
3T (f -3 rr)
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Observation 3 & Question 4

Observation 3. Luler knew the formula for sine found by Isaac Newton in the
1660s:

sinr=ax— 1 +§7ﬁ
He took this formula as a starting point. “Toots of | factors of
sin sin
Question 4. List the seven roots of sinx between —37 and X
37 in the left column of the table on the right. ~3T (4 + ;’ﬂ)

Now, let’s treat sin  like a polynomial. = X )
ARICE

For cach root you put in the table, write in the second column x
what is the corresponding “factor” of sin given by the Useful ’1(’ ({ + "T )
Consequence (Question 2.5) above. —

For one root you cannot use the Useful Consequence to © X
obtain the corresponding factor: use the Factor Theorem (Fact X
2) instead. w ({' I

A4S (1'5})

3T ({'g'xr)
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Observation 3 & Question 4

Observation 3. Luler knew the formula for sine found by Isaac Newton in the
1660s:

sinz =1 —

He took this formula as a starting pomt “Toots of | factors of

sin sin
Question 4. List the seven roots of sina hetween —37 and x
37 in the left column of the table on the right. ~3T (4 + ﬁ)

Now, let’s treat sin  like a polynomial. = X )
2T ({+ 3%

For cach root you put in the table, write in the second column x
what is the corresponding “factor” of sin given by the Useful ’W (‘{ + "T )
Consequence (Question 2.5) above. R

For one root you cannot use the Useful Consequence to © X
obtain the corresponding factor: use the Factor Theorem (Fact X
2) instead. Ay ('(' '(T—

e | (-3) (<~Z«)
(- %)
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Question 4

You know that sin has infinitely many roots, to which correspond infinitely

many factors of sin z.
Write sin z as the product of its infinitely many factors:

e ) )6 )6 )6 ) )
e ) ) )

Expand the product above and rearrange the terms so to express a “polynomial”

of infinite degree.
Hint in footnotel]

sinz = x

Look at the expression for sinz you just got, and read again Observation 3;
what can you say about the coefficients of z%7

1 1 1 1
— + + 4o ) =

Finally,
1 1 1
Tt — b — = —

You answered a question that had remained open for nearly a century: make a

celebratory dance!
FHint for Q4. Consider the product of the first fwo terms (1 — )(1* = ) in the result,
what are the coefficients of the constant and 2 terms?
)(12 = )(12 = ): in the result,

Then, consider the product of the three terms (12
3

what are the coefficients of the constant and x? terms
)(12 = ): what are the coefficients of the z and «

Finally, consider ( )(12 - )(1% -
terms?
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Question 4

You know that sin has infinitely many roots, to which correspond infinitely

many factors of sin z.
Write sin z as the product of its infinitely many factors:

o222 ) -

T

-9 (-3

Expand the product above and rearrange the terms so to express a “polynomial”

of infinite degree.
Hint in footnotel]

1
et

sinz = x
e (; + )
™ 4t St

1

1

T
N 1

+2* (e

Look at the expression for sinz you just got, and read again Observation 3;
what can you say about the coefficients of z%7

1/ 1 1
()=

Finally,
1 1 1
Tt — b — = —

You answered a question that had remained open for nearly a century: make a

celebratory dance!
FHint for Q4. Consider the product of the first fwo terms (1 — )(1* = ) in the result,
what are the coefficients of the constant and 2 terms?
Then, consider the product of the three terms (12— )(12 = )(12 = ): in the result,
what are the coefficients of the constant and x? terms
): what are the coefficients of the = and +*

I

Finally, consider ( )(12 - )(1% -
terms?
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Question 4

You know that sin has infinitely many roots, to which correspond infinitely

many factors of sin z.
Write sin z as the product of its infinitely many factors:

= (1-2)(1+2) (-2) () (- )+ B) -
ofe 905

Expand the product above and rearrange the terms so to express a “polynomial”

of infinite degree.
Hint in footnotel]

sinz = x

Look at the expression for sinz you just got, and read again Observation 3;

what can you say about the coefficients of z%7

L(l
LN

Finally,

You answered a question that had remained open for nearly a century: make a

celebratory dance!
FHint for Q4. Consider the product of the first fwo terms (1 — )(1* = ) in the result,
what are the coefficients of the constant and 2 terms?
Then, consider the product of the three terms (12— )(12 = )(12 = ): in the result,
what are the coefficients of the constant and x? terms
): what are the coefficients of the = and +*

I

Finally, consider ( )(12 - )(1% -
terms?
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You know that sin has infinitely many roots, to which correspond infinitely

Q u est i O n 4 many factors of sinz.

Write sin as the product of its infinitely many factors:

e (802D
e -B) (-4 -

Expand the product above and rearrange the terms so to express a “polynomial”
of infinite degree.
Hint in footnotel]

sine = a

1 1
Tt Ee Tt

o)

Look at the expression for sinz you just got, and read again Observation 3;
what can you say about the coefficients of z°7

1 ( 1 1 1 ) 1
S|l t— =+ ) ==

1

=
s 1
+o (o +

e
(

11’2 [ & E) 3!
Finally,
pe bt 1
A E] 3

You answered a question that had remained open for nearly a century: make a
celebratory dance!

FHint for Q4. Consider the product of the first fwo terms (1 — )(1* = ) in the result,
what are the cocfficients of the constant and &2 terms?

Then, consider the product of the three terms (12 = )(12 = )(12 = ): in the result,
what are the coefficients of the constant and z? terms?

Finally, consider ( )(12 = )(12 = )(12 = ): what are the coefficients of the z and =*
terms?
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Question 5

Question 5. Euler’s contemporaries immediately criticized two steps in the
proof you wrote in Question 4; what do you think they noticed?
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Anonymous students’ feedback

1. Did you enjoy last lesson’s presentation with slides on the timeline of Basel's problem?

27%

® Yes 16
® No 0

@ |ndifferent 6

3%
2. Did you enjoy working through last lesson's worksheet on Basel's problem?

® ves 3 %

® No o

® sortof 9 59%
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Anonymous students’ feedback

1. Did you enjoy last lesson’s presentation with slides on the timeline of Basel's problem?

® ves 16
® No 0
® indifferent 6

2. Did you enjoy working through last lesson's worksheet on Basel's problem?

IS

® ves 3
® o 0
® sotof 9

In future Maths lessons, would you like *small bits® of history dotting explanations of new material (say 5-10 minutes per wee

o ves 15
® No 3

® indifferent 4

%

5. Any thoughts on what you would have liked to see expanded/reduced/avoided?

6 Responses

DT Name Responses

1 anonymous  More depth

2 anonymous  Less of the historical side and more proving/going through the steps they did
3 anonymous Id like to have the class do the working out to work out these problems
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Possible extensions

[ee)

N . , . 1
Generalisation to Riemann's zeta function ((s) = E —.
n

n=1
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Possible extensions

o0
L. . , . 1
Generalisation to Riemann's zeta function ¢ E —s

Linking on to the Riemann Hypothesis, which galned importance as one of
Hilbert's 23 Problems, and still remains an unsolved Millennium Problem.

A consequence of the Riemann Hypothesis: the Prime Number Theorem,
describing the frequency of primes in the number line.
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Possible extensions

o0
L. . , . 1
Generalisation to Riemann's zeta function ¢ E —s

Linking on to the Riemann Hypothesis, which gamed importance as one of
Hilbert's 23 Problems, and still remains an unsolved Millennium Problem.

A consequence of the Riemann Hypothesis: the Prime Number Theorem,
describing the frequency of primes in the number line.

. and continuing this project with more historically-informed resources!
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Thank you!

Davide Leonessi
PGCE in Maths at King's College London
(Teacher of Maths at 1729 Maths School)

davide.leonessi@kcl.ac.uk

Resources available at:
leonessi.org
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